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Introduction

The well-known Banach contraction principle, which declares
thaton a complete metric space foreach single-valued contraction self-
mapping, always there exists a unique fixed point. This basic principle has
been exploited and generalized by many researchers using different
contraction conditions, applying different mappings in different spaces.
Review of Literature

Nadler [8] has used the concept of Hausdorff metric and obtained
a multi-valued version of the Banach contraction principle .Among others
Husain and Latif [2], Feng and Liu [1] have generalized Nadler’s fixed point
result without using the Hausdorff metric.On the other hand, Kannan [4]
has proved an interesting fixed point result for single-valued maps in the
setting of metric spaces which is not an extension of the Banach
contraction principle .While Latif and Beg [6] have obtained a multivalued
version of Kannan’s fixed point result. In 1996 the team of Kada, Suzuki
and Takahashi [3] came with a new and more generalized concept of w-
distance hence, many earlier results are improved. Simultaneously Suzuki
and Takahashi [12] worked on weakly contractive maps for single and
multi-valued functions and produced some important generalizations of
Banach contraction principle and based Nadler’s results. Parallel to this
work there co-researchers Suzuki [13] improve the Kannan’s fixed point
results by using w-distance. After that a bulk of investigations have been
observed [5] [10][13] and [15].

Applying the concept of w-distence Abdul Latif et al. [7]proved
some fixed point and common fixed point results for multi-valued maps with
the setting of metric spaces, by which they generalized and improve many
results including the results of Latif and Beg [6], Suzuki [13], Kannan [4].

Till then no work is reported in this field.

Aim of the Study

Our aimis to consider non-commuting JSR and JSR*mappings with
w-distance in complete metric space and proved uniqgue common fixed
point results.We have furnish some examples in support of our main
results.

2. Preliminaries

A bulk of literature exist with commuting and non-commuting
mappings.We are defining non-commuting pair of maps as /SR and JSR*
maps which is more improved than the known mappings.

On a metric space the concept of w-distance was introduced by Kada et
al.[3] in the following manner:

Let p:X xX - [0,) be a function over a metric space (X,d),
thenp is called w- distance if
1. VxyzeX pxz)<pxy)+ py2)

2. VxeX and y, »y in X,p(x,y) <lim inf p(x,y,),that is p is lower
semi continuous with respect to the second variable y
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3. for any givene > 0,there must be a § > 0 such
thatp(x,z) < dand p(z,y) <6 = p(x,y) <¢

Clearly, everymetric is a w-distance but
conversely.
Definition 2.1

A pair (S,T) of self-mappingsS and T ona
metric space(X,d)is said to beweakly commuting if
and only if
d(STx,TSx) < d(Sx, Tx)for each x in X.
Definition 2.2

Let S and Tbe theself-mappings ona metric
space (X,d) with a w-distance p,thenS andT are said
to be p-weakly commuting if and only if
max [p(STx,TSx),p(TSx,STx) ] < p(Sx,Tx) for each
xinX.
Definition 2.3

Let S and Tbe theself-mappings ona metric
space (X,d) .Then S and T are said to be weakly
compatible if and only if each sequence {x,} such that
for somet in X.

Aiﬁan = Aingxn =t = rlli_r)rld(STxn TSx,)= 0

Definition 2.4

Let S and T be the self-mappings ona metric
space (X,d)with w-distance p,then Sand T are said
to be (p) compatible if every sequence {x,} such that
for some t in X

lim Sx,, = I'Lr}QTxn =tasn—

n—o« n

= max [p(STx,, TSx,),p(TSx, ,STx,)] = 0,asn —> =
Definition 2.5

The pair(S,T) of two self-mappings S and
Ton a metric space(X,d) is said to be S-JSR
mappings if and only if each sequence {x,} such that

Amen = }lmen =tforsomet in X

= ad(STx, ,Tx, ) < ad(SSx,,Sx,)
where a = lim sup or liminf.
Definition 2.6

The pair(S,T) of two self-mappings S and T
on a metric space (X,d) is said to be S-JSR(,
mappings if and only if each sequence {x,} such that

limSx, = ,l,i_r,r}oTxn =t for some t in X

n—ow
= max{ap(STx,, Tx,),ap (Tx,,STx,)}
< max{op(Sx,, Sx,), Op(Sx, , $Sx,)}

not

Definition 2.7
The pair(S, T) of two self-mappings Sand T
on a metric space (X, d) is said to be S-JSR,,
mappings if and only if each sequence {x,} such that
limf8x, = rlli_r}}oTxn = t for some t in X

n—e

= max{ap(TSx,, STx,),ap (STx,, TSx,)}
< max{ap(SSx,, TTx,),ap(TTx, ,SSx,)}
where a = lim sup or limfnf

Now we give some lemma which are useful
in our main results.

Lemma 2.1 (see [3] and [13])

If (X, d)be a metric space, p be a w-distance
on X, {x,}, {y.} € X be sequences and {a,},{B,} <
(0, ~»)be sequences such thate,, - 0 and B, —» 0 and
for x,y,z € X. Then we have the following conditions:
1 plny) < an,p(x,,2) < By, VNEN =y =

z.Particularly, ifp(x,y) = 0,p(x,2) =0 = y =2z

RNI No.UPENG/2012/42622

160

VOL.-7, ISSUE-3, July-2018

Asian Resonance

2. plxn,y) < ay,p(x, ,2) < B,YNEN=y, >z
3. plxy,xp) < a,,Vn,me Nwithm >n = {x,}is a
Cauchy sequence.

4. p(y,x,) < a,,Vne N = {x,}is a Cauchy
sequence.
Lemma 2.2

If (X,d)be a metric space, p be a w-distance
on Xand let S and T be self mappings on X, satisfying
Tx, = Sx, .1 for n =0,1,2, ... ,assume that there exists
a continuous self mapping ¢ of [0, <] such that
p(Tx,Ty) < §(p(Sx,5y))

(2.2.2)
forall x,y € X and foreach t > 0
&)<t
(2.2.2)
Then
(A) for an arbitrary € > 0, there exist positive integer

m,s such that m < n <s implies p(Tx, ,Tx;) <

€.
(B) the sequence {Tx,} is a Cauchy sequence.
Proof

We have
p(Txn'Tanrl) < 'f(P(an'anH))
= 'f(P(Txn—p Txn))
< p(Txp—1,Txy)

forn =123, ..... Thus {p(Tx,,Tx,.+1)} is a decreasing
sequence of non negative real number and there
exists non negative real number A such that

Let A > 0, then the inequality
p(Txn: Txn+1) < E(p(Txn—erxn))
Now the continuity of § we haveA < (M) < A,which is
contradiction.
Therefore A = 0 so p(Tx,, Tx,11) = 0asn — «.
(A) Now suppose that (A) does not hold. Then, there
exists an € >0 such that for all sufficiently large
positive integerk, there exist positive integers
S, nWith k < ny, < s, such that
(Shs (p(Txnk: szk))r (p(Txnk: Txnk—l)) <E€
(2.2.3)
From (2.2.3), we have
P(Txpy, Txg,) = € and p(Txyy, Txpi—1) > 0ask —» =
ANdp (Txni, Txst) < P(Txnpe, Txnge 41) + P(TXnge 41, TXs1)
< p(Txnk:Txnk+1) + &(p(Txnk+1rszk))
< p(Txnkr Txnk +1) + g(p(Txnkt szk—l))(2-2-4)

By the hypothesis and (2.2.4),we obtain € < §(e) < e.
This is contradiction therefore (A) holds.
Alsowe have from the third condition of the definition
of a w-distance pand(4) that {Tx,} is a Cauchy
sequence.
Lemma 2.3

If (X,d)be a metric space, p be a w-distance
on X, let SandT be self-mappings on Xsuch
thatTx, = Sx,.1 for n=10,1,2, ......, with the following
conditions: for given €> 0, there exists §(€) > 0 such
that

e< p(Sx,Sy) <€ +6 = p(Tx, Ty) <s,(2.3.1)
p(Sx,Sy) <e = p(Tx,Ty) < 1/2 p(Sx,5y) (2.3.2)

The



P: ISSN No. 0976-8602

E: ISSN No. 2349-9443

(C) For an arbitrary €> 0, there exists a positive
integer M such that M <n<s implies
p(Tx,, Txs ) <€.

(D) The sequence {Tx,}is a cauchy sequence.

3. Main Results
Theorem 3.1
If (X, d)be a metric space, p be a w-distance
on Xand let S and T be S — JSR(p) self mappings of X,
satisfying T(X) c S(X), (2.2.1), (2.2.2) and for each
z€Xwithz+Tz orz# Sz
inf{p(Tx, z) + p(Sx, z) + p(STx,STx) + p(SSx, TTx),x
€ X}(3.1.1)
Then there is a unique common fixed point of
Tand S.
Proof
BecauseT (X) c S(X),therefore in X, we can
define a sequence {x,}such that Tx, = Sx,,. Since X
is complete andTx,, = Sx,,, there exists z in X such that
Tx, = zandSx, — z.
Suppose that z # Tzorz + Sz, since
lim, o, Tx, =lim, _, Sx, = z, therefore by (A) and the
lower semi continuity, we have
lim p(Txy, 2) = lim p( Sy, 2)
Now,
0 < inf{p(Tx, z) + p(Sx,z) + p(TSx,TSx)
+p(8Sx,TTx),x € X}
< inf{p(Tx,,2) + p(Sx,,z) + p(TSx,, TSx, )
+p(SSx,, TTx, )}
< inf{p(Tx,,2z) + p(Sx,, 2)
+ maxifp(STx,, TSx,), ap(SSx,, TTx, ) |
+ p(S§Sx,, TTx,)} <O.
which is a contradiction and hence, our
assumption that z#Tz or z+# Sz was wrong.
Therefore,Tz = Sz = z. Applying (2.2.1)of Lemma 2.2
and (2.3.1),(2.3.2) of Lemma 2.3 uniqueness of the
fixed point is obvious.
Theorem 3.2
Let(X, d) be a complete metric space with a w-
distance p and let S and T be S-JSR*(p) self mappings of
X, satisfying T(X) c S(X), (2.2.1) and (2.2.2), for each
z€Xwithz+#Tz orz+ Sz
inf{p(Tx, z) + p(Sx,z) + p(TSx,STx) + p(SSx,TTx), x
€ X}(3.2.1)
Then there is a unique common fixed point of T and S.
Proof
Because T'(X) c S(X), therefore in X, we can
define a sequence {x, }such that Tx, = Sx, . Since X is
complete andTx,, = Sx, . there exists zin X such that
Tx, = z and Sx, - z.
Suppose that z # Tzor z *+ 8z, since
lim, ., Tx, =lim, ., Sx, = z, therefore by (A) and the
lower semi continuity, we have
Jl_l)rolop( Txy,2) = 7}i_r}gop(sxnr z)
Now,
0 < inf{p(Tx, z) + p(Sx,z) + p(TSx,TSx)
+p(8Sx,TTx),x € X}
< inf{p(Tx,,2z) + p(Sx,,z) + p(TSx,, TSx, )
+p(SSx,, TTx, )}
< inf{p(Tx,, z) + p(Sx,, 2)
+ maxifop(STx,, TSx,), ap(SSx,, TTx, ) |
+ p(S§Sx,, TTx,)} <O.
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which is a contradiction and hence, our
assumption that z # Tz or z # Sz was wrong. Therefore
Tz =Sz=2z Applying (2.2.1) of Lemma 2.2 and
(2.3.1),(2.3.2) of Lemma 2.3 uniqueness of the fixed
point is obvious.

4. Examples
Example 4.1

Let X =[0,1] with d(x,y) =|x—y| and S,T
are two self mapping on X defined by Sx = m,Tx =
ﬁfor x € X. Now we have the sequence {x,}inX is
defined as x,, = % ,n € N.Then we have

lim Tx, = lim Sx, =1

Ti—mo n—oo )
|STx, — Tx,| = gandlSan —Sx,| = 3asn — 0.
Clearly we have
[STx,, — Tx,| < |SSx,, — Sx,|.

Thus pair (S,T) is S-JSR mapping. But this pair
is neither compatible nor weakly compatible nor other
non commuting mapping. Hence pair of /SR mapping is
more general than others.

Example 4.2

Let X = [0,1] with p(x,y) = max {[5 —y| 3 x -
y andS, T are two self mapping on X defined by

Sx = 2

1
—,Tx=— forx € X.
x+2 x+1

Now we have the sequence {x,, } in X is defined
asx, = % ,n € N. Then we have
lim, o Tx, =lim, 4 Sx,, = 1. Now
STx, 1
p(STx,, Tx,) = max{|T— Tx, 5 [STx, — Txnl}

_ {2 1} 2
=max o, o =7

Tx,

T - TXn )= ITxn - Txnl}

p(Tx,,STx,) = max{

2
_ {1 1} 1
~ M6 T 6

SSx, 1

p(8Sx,,Sx,) = max{|T — Sx, 5
_ {2 1} 2
=maxz, 5y =3
Sx, 1

p(Sx,,SSx,) = max{|T — SSx, ,EIan - SanI}

_ {1 1} 1

- M6 3 T 3

Clearly pair (S,T) is S-JSR(p) mapping. Also

p(x,y) # p(y, x).
Example 4.3

Let X =1[01] with pQy)= maxﬂqg -
1, 12[x—y/} and S,7 are two self mapping on X defined
by

|SSx, — anl}

2 1
Sx =—,Tx =— forx € X.
x+ x+1

2
Now we have the sequence {x,}inX is defined
1
asx, =1-— o
lim Tx, = lim Sx,, = 1.
n—oo n—-oo

In view of Theorem 3.1,z = 1is unique common fixed
point of Tand .

n € N.Then we have
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Conclusion

theorems

So we have established two fixed point
for non-commuting JSR and JSR*

mappingsvia w-distance in complete metric space are
proved supported with examples.
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